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Abstract. The time evolution of the Wigner function for Gaussian states
generated by Lindblad quantum dynamics is investigated in the semiclassical
limit. A new type of phase-space dynamics is obtained for the centre of a Gaussian
Wigner function, where the Lindblad terms generally introduce a non-Hamiltonian
flow. In addition to this, the Gaussian approximation yields dynamical equations
for the covariances. The approximation becomes exact for linear Lindblad
operators and a quadratic Hamiltonian. By viewing the Wigner function as a
wave function on a coordinate space of doubled dimension, and the phase-space
Lindblad equation as a Schro¨dinger equation with a non-Hermitian Hamiltonian, a
further set of semiclassical equations are derived. These are capable of describing
the interference terms in Wigner functions arising in superpositions of Gaussian
states, as demonstrated for a cat state in an anharmonic oscillator subject to
damping.
1. Introduction
Since the early days of quantum mechanics the dynamics of Gaussian wave packets has
been considered as a natural connection between quantum and classical dynamics [1,2].
As shown by Heller, Hepp and Littlejohn [3–5], in closed quantum systems the motion
of the centre in the semiclassical limit is described by Hamilton’s equations of motion.
Semiclassical methods based on the time evolution of Gaussian states along classical
trajectories provide powerful numerical and analytical tools [6–11].
Realistic quantum systems, however, are open. That is, they exchange energy
with their environment. In the Markovian approximation a system weakly coupled to
its environment can be described by a Lindblad equation (see, e.g. [12]). Markovian
open quantum systems play a crucial role in various branches of quantum physics
ranging from quantum optics and information to atomic, nuclear, and condensed
matter physics. It is an interesting question how the dynamics of Gaussian wave
packets generalise in this context, and what can be learned from the semiclassical
limit. Here we generalise the approach of Heller and Littlejohn [3,5] to Lindblad type
quantum dynamics. This yields a new type of phase-space dynamics for the position
and momentum expectation values, where the Lindblad terms generally introduce
non-Hamiltonian flows, which in special cases can take the form of a gradient flow.
Furthermore, the semiclassical dynamics yields an approximation of the quantum
covariances, which can be useful in various applications.
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The current study complements previous investigations of the semiclassical limit
of Lindblad dynamics, using the framework of path integrals [13], and complex WKB
dynamics [14]. In [15] first steps have been made towards applying Heller’s wave
packet method to Lindblad dynamics for the case of linear Lindblad operators. There
the framework of chord functions in a doubled phase space is used. This differs from
the approach taken here, which is a more direct application of Heller’s method.
The paper is organised as follows. We first introduce the Lindblad equation
on phase space in section 2 and make a Gaussian ansatz for the state, from which
semiclassical equations of motion for the centre and covariance matrix are derived in
section 3. The resulting semiclassical equations are interpreted and the conditions
under which the centre dynamics may be written as a gradient flow are discussed. We
transform our equations of motion to a form that is better suited to many applications,
particularly those in quantum optics. Two examples are used to illustrate this. An
oscillator with nonlinear losses and amplification, and the dissipative Bose-Hubbard
Hamiltonian. Finally, by viewing the phase-space Lindblad equation as a Schro¨dinger
equation with a non-Hermitian Hamiltonian, we connect the Lindblad dynamics to
non-Hermitian quantum dynamics in section 4. The semiclassical limit of the latter
has been investigated in detail by two of the authors in [16,17]. Applying results from
this context allows us to derive a further set of semiclassical equations for Lindblad
dynamics. These are capable of describing the interference terms in Wigner functions
arising, for example, in superpositions of Gaussian states. We demonstrate this for a
cat state in a damped anharmonic oscillator. We conclude with a short summary.
2. Lindblad Equation on Phase Space
We consider the dynamics of quantum systems generated by equations of Lindblad
type
i~
∂ρˆ
∂t
= [Hˆ, ρˆ] + i
∑
k
LˆkρˆLˆ
†
k −
1
2
Lˆ†kLˆkρˆ−
1
2
ρˆLˆ†kLˆk, (1)
where ρˆ is the density matrix describing the state of the quantum system. The first
term corresponds to the unitary dynamics generated by the Hamiltonian Hˆ, while the
following terms containing the Lindblad operators Lˆk account for (weak) interactions
of the system with an environment. For more details see, e.g., [12].
The phase-space representation of quantum mechanics [18] is particularly
convenient for analysing the semiclassical limit. In the Wigner-Weyl representation
an operator fˆ on Hilbert space is mapped to a phase-space function f(x), known as
the Weyl symbol of fˆ , via the Wigner-Weyl transformation
f(x) =
∫
dξ〈q + ξ
2
|fˆ |q − ξ
2
〉e−ip·ξ/~, (2)
where the canonical coordinates x = (q, p) span the 2n-dimensional phase space. In
this representation the quantum state ρˆ is represented by the Wigner function, which
is defined by the Wigner-Weyl transformation of the operator ρˆ as
W (x) =
1
(2pi~)n
∫
dξ〈q + ξ
2
|ρˆ|q − ξ
2
〉e−ip·ξ/~. (3)
Assuming that the Hamiltonian Hˆ and the Lindblad operators Lˆk are the Weyl
quantisations of sufficiently well-behaved phase-space functions H(x) and Lk(x), the
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evolution equation for the Wigner function is given by
i~
∂W
∂t
= H ?W −W ?H + i
∑
k
Lk ? W ? L¯k − 1
2
L¯k ? Lk ? W − 1
2
W ? L¯k ? Lk, (4)
where f ? g denotes the Moyal product of two phase-space functions f and g,
(f ? g)(x) = f(x)e
i~
2
←−∇·Ω−→∇g(x),
= f(x)g(x) +
i~
2
{f(x), g(x)}+ . . . . (5)
Here Ω denotes the symplectic form
Ω =
(
0 In
−In 0
)
, (6)
the phase-space gradient is ∇ := (∂q, ∂p) and the arrows over the differential operators
in (5) indicate whether they act on the function to the left or to the right. The first
two terms of the Moyal product are shown in (5), where {A,B} = ∇A · Ω∇B is the
usual Poisson bracket.
Following the work of Heller, Hepp and Littlejohn [3–5] for closed systems,
assuming that the initial state is a well-localised Gaussian state, it is justified to
approximate the Hamiltonian and the Lindblad operators by finite Taylor expansions
around the centre of the state. We make the ansatz that the time-evolved state
remains Gaussian for all times and instantaneously expand the Hamiltonian and the
Lindblad operators in Taylor series around the time-dependent centre of the state. For
closed quantum systems in leading orders of ~ this approximation yields Hamilton’s
canonical equations of motion for the centre of the state, while the width changes with
the linearised classical flow. In what follows we shall investigate how this dynamics
generalises in the presence of Lindblad operators.
3. Gaussian Evolution in the Semiclassical Limit
3.1. Deriving semiclassical equations of motion
The Wigner function of a general Gaussian state is of the form
W (x) =
√
detG
(pi~)n
e−(x−X)·G(x−X)/~, (7)
where x = (q, p) ∈ Rn × Rn are canonical phase-space coordinates, X is a vector of
the expectation values of the quantum position and momentum operators
Xk = 〈xˆk〉 ≡ Tr(ρˆxˆk), (8)
with xˆ = (qˆ1, . . . , qˆn, pˆ1, . . . , pˆn), and G is a real, symmetric and positive definite
matrix, encoding the width of the wave packet via the (co)variances of the canonical
operators as
~
(
G−1
)
jk
= 〈xˆj xˆk + xˆkxˆj〉 − 2〈xˆj〉〈xˆk〉. (9)
An initial Gaussian state, with time-dependent parameters G and Xk, remains
Gaussian for all times under the quantum dynamics generated by (4) if the
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Hamiltonian is at most quadratic and the Lindblad operators are linear in xˆ, [15].
We want to show that to leading order in ~ this remains the case for general
Hamiltonians and Lindblad operators. To this end we first have to recall how the
semiclassical expansion (5) scales with ~ if we insert a Gaussian (7) that is localised
in phase space on a scale of
√
~. If we rewrite W (x) = ~−nw0(~−1/2(x − X)) with
w0(x) =
√
detG
pin exp(x ·Gx), then we find for arbitrary derivatives
∂αxW (x) = ~−|α|/2~−nw
(α)
0 (~
−1/2(x−X)) with w(α)0 (y) = ∂αy w0(y) . (10)
Hence, every derivative contributes a factor 1/
√
~ and the semiclassical expansion of
the Moyal bracket (5) effectively becomes an expansion in powers of
√
~ if g = W .
Furthermore, if we encounter terms of the form A(x)W (x) we can Taylor expand A
around x = X and use that for any multi-index β
(x−X)βW (x) = ~|β|/2~−nwβ(~−1/2(x−X)) with wβ(y) = yβw0(y) . (11)
Thus, multiplying by powers of (x − X) reduces the size by powers of √~ so that
higher order terms in the Taylor expansion contribute to higher orders in semiclassical
expansions in powers of
√
~.
We now expand (5) in the evolution equation for the Wigner function (4) and by
(10) we only need to take the first two terms into account, yielding
i~
∂W
∂t
= i~{H,W}+ i~
∑
k
Im
(
Lk{L¯k,W}
)
+ ~
∑
k
{L¯k, Lk}W + i~
2
2
∑
k
Re
({Lk, {L¯k,W}})+ · · · , (12)
where the remaining terms are of order ~3/2 or higher relative to W . Note that the
first two terms on the right-hand side are of order
√
~ whereas the two remaining
terms are of order ~. In the next step we expand H and Lk around the centre X, i.e.,
in powers of δx := x − X, and by (11) we need to expand H and Lk up to second
order in the first two terms on the right-hand side, and Lk up to first order in the
second two terms in order to include all terms up to order ~1 in (12).
The first two terms on the right-hand side of (12) then become
2iG
[
Ω∇H + Ω
∑
k
Im(Lk∇L¯k)
]
· δxW − 2iδx · ΛΩGδxW + · · · (13)
with
Λ := H ′′ +
∑
k
Im
(
LkL¯
′′
k
)
+
∑
k
Im
(∇Lk∇L¯Tk ) . (14)
For the final two terms on the right-hand side of (12) we only need to expand the
Lindblad terms up to first order and obtain
~
∑
k
[∇L¯k · Ω∇Lk +∇Lk · ΩGΩ∇L¯k]W − 2δx ·GΩDΩGδxW + · · · (15)
where
D =
∑
k
Re
(∇Lk∇L¯Tk ) . (16)
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Finally, using
i~∂tW =
[
i~
2
Tr(G−1G˙) + 2iGX˙ · δx− iG˙δx · δx
]
W (17)
we can separate different powers of δx in (12), which leads to the semiclassical
equations of motion for the parameters X and G
X˙ = Ω∇H + Ω
∑
k
Im
(
Lk∇L¯k
)
, (18)
G˙ = ΛΩG−GΩΛT + 2GΩDΩG. (19)
To obtain (19) the symmetry enforcing convention G = (G+GT)/2 was applied. This
is not an approximation and is done purely for cosmetic reasons; as the Wigner function
depends only on the symmetric part of G, any antisymmetric part is unobservable.
There is a third equation for TrG−1G˙ but this is automatically satisfied if (19) holds.
Equations (18) and (19) are two of the main results of the present paper. As
expected, in the unitary case the centre moves according to the classical canonical
equations of motion X˙ = Ω∇H and the evolution of G is governed by the linearised
Hamiltonian flow around the classical trajectory. The general dynamical equations
for the centre of the state can be interpreted as a generalisation of Hamilton’s
canonical equations to Markovian open quantum systems. Following Littlejohn [5],
the terms ΛΩG−GΩΛT can be interpreted as a linearised flow in the non-unitary case.
However, the additional term 2GΩDΩG in (19) does not result from the linearised flow.
This term originates from the double Poisson brackets in (12) and ensures that the
Heisenberg uncertainty principle is not violated. In particular, a physically meaningful
Gaussian state must fulfil the Robertson-Schro¨dinger uncertainty relation, expressed
in terms of G as [19]
G−1 + iΩ ≥ 0. (20)
The extra term 2GΩDΩG is a quantum correction appearing in the semiclassical
dynamics, guaranteeing that (20) is fulfilled for all times.
The generalisation of Heller’s theory to Markovian open systems with linear
Lindblad operators has previously been considered in [14, 15]. The approach taken
therein, however, is quite different from the one presented here. In particular, the
authors work with the Fourier transform of the Wigner function, the so-called chord
function, in double phase space. While an equivalent of equations (18) and (19) is
implicitly contained in the results presented there, they are not explicitly derived
or analysed. Of course, both approaches are exact for quadratic Hamiltonians and
linear Lindblad operators, and, as we shall discuss in detail in section 4, the equations
in [14,15] can be shown to reduce to a special case of our equations (18) and (19) for
linear Lindblad operators. Apart from going beyond the restriction of linear Lindblad
operators, the approach presented here has the advantage of directly yielding the set
of dynamical equations (18) and (19) for the position and momentum expectation
values as well as the covariances.
3.2. Geometric interpretation of the Lindblad terms
We now analyse the structure of the Lindblad terms in the dynamical equation for the
centre (18) in more detail. There are two cases for which the geometric interpretation
Lindblad dynamics of Gaussian states in the semiclassical limit 6
of these terms is simple: First, for purely Hermitian or anti-Hermitian Lindblad
operators the flow generated by the Lindblad terms vanishes, and the only effect
in the semiclassical description is on the width of the Wigner function. This is in
line with the well-known result that purely Hermitian or anti-Hermitian Lindblad
operators lead to decoherence but no dissipation [20].
The second case is where the Weyl symbols of the Lindblad operators are
holomorphic functions of q± ip. In this case, the flow they generate can be written as
a gradient flow of the phase-space function Γ := ∓ 12 |L|2. In fact, the flow generated
by a Lindblad operator is the gradient flow of the function Γ = ∓ 12 |L|2 if and only
if the Lindblad symbol is a holomorphic function of either q + ip or q − ip. This can
be seen as follows. The holomorphy of L as a function of q ± ip is equivalent to the
validity of the Cauchy-Riemann conditions
∇Re(L) = ±Ω∇ Im(L), (21)
which imply
∇ Im(L) = ∓Ω∇Re(L). (22)
Observing that the Lindblad term on the right hand side of (18) may be expressed as
Ω Im
(
L∇L¯) = Im(L)Ω∇Re(L)− Re(L)Ω∇ Im(L), (23)
the right hand side can immediately be identified as
∓ (Re(L)∇Re(L) + Im(L)∇ Im(L)) = ∓1
2
∇|L|2. (24)
On the other hand, assume we have
Im(L)Ω∇Re(L)−Re(L)Ω∇ Im(L) = ∓1
2
∇|L|2 = ∓(Re(L)∇Re(L)+Im(L)∇ Im(L))
(25)
and that Re(L) 6= 0 and Im(L) 6= 0 (as otherwise the Lindblad flow vanishes). Acting
with the symplectic onto equation (25) gives
− Im(L)∇Re(L) + Re(L)∇ Im(L) = ∓(Re(L)Ω∇Re(L) + Im(L)Ω∇ Im(L)). (26)
Combining this with the original expression (25) yields the Cauchy-Riemann
conditions ∇Re(L) = ±Ω∇ Im(L). The gradient dynamics drives trajectories towards
the closest maximum of the function Γ. Thus one possible physical interpretation is
that Γ is an entropy of the system. Note that similar gradient dynamics have been
discussed in the context of thermodynamics e.g. by O¨ttinger and Grmela [21,22].
Of course, there are operators that are neither Hermitian or anti-Hermitian nor
have symbols that are holomorphic functions of q ± ip. In some of these cases the
Lindblad terms can still be written as gradient flows of more general functions. For
instance, Lindblad operators of the form Lˆ = aqˆ + ibpˆ with a 6= ±b result in a
semiclassical flow given by the gradient of the function Γ = −ab2 (q2 + p2) 6= ∓ 12 |L|2.
There are other Lindblad operators that instead lead to Hamiltonian flows, such
as normal operators in one dimension. However, in general the Lindblad term leads
to a flow which is neither a Hamiltonian nor a gradient flow. Instead of deriving
more intricate mathematical conditions for different types of flows, the following two
examples aim to develop a better intuition of Lindblad operators that do not generate
a Hamiltonian or gradient flow.
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As an example, consider a two-dimensional system and a linear Lindblad operator
Lˆ =
√
γ(qˆ1 + ipˆ2). Without a Hamiltonian term the evolution equations for the centre
are
q˙1 = 0, q˙2 = −γq1, p˙1 = −γp2, p˙2 = 0. (27)
In this case the semiclassical approximation is exact since L is linear. Both q1 and p2
are constants of motion and p1(q2) =
p2
q1
q2+
p1(0)
q2(0)
, i.e. all straight lines are phase-space
trajectories and all points in the plane (0, q2, p1, 0) in the four-dimensional phase space
are fixed points.
A less trivial example is a one-dimensional system with nonlinear Lindblad
operator Lˆ =
√
γ(qˆ2 + ipˆ2). The semiclassical equations of motion for q, p are found
to be
q˙ = −2γq2p, (28)
p˙ = −2γqp2.
The phase-space portrait of this dynamics is depicted in Figure 1. The flow conserves
the quantity p/q and thus the trajectories are straight lines. The lines q = 0 and
p = 0 are fixed points. In particular the point p = 0 = q acts as a hyperbolic fixed
point. Futhermore, the lines q = p and q = −p are the stable and unstable manifolds,
respectively.
Figure 1: The phase-space portrait for the classical dynamics (28) with γ = 0.1. False colours
indicate the velocity.
In this example the semiclassical description is of course only an approximation.
We shall not dwell on its quantum-classical correspondence here but instead consider
more physically relevant examples in detail later.
3.3. Formulation in creation and annihilation operators
In many applications, in particular in quantum optics, the Hamiltonian and Lindblad
operators are expressed in terms of annihilation and creation operators aˆj and aˆ
†
j ,
satisfying the commutation relations
[aˆi, aˆ
†
j ] = δij , [aˆi, aˆj ] = 0. (29)
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For such systems it is convenient to express the semiclassical equations (18) and (19)
in terms of the complex canonical phase-space variables
aj =
1√
2
(qj + ipj), (30)
where qj and pj are the classical counterparts of the quadrature operators, defined as
qˆj =
1√
2
(aˆ†j + aˆj), pˆj =
i√
2
(aˆ†j − aˆj), (31)
which are in general not associated to a physical position or momentum. For the
remainder of this subsection we choose to work in units of ~ = 1 for simplicity.
The operators qˆj , pˆj can be grouped into the vector xˆ = (qˆ1, . . . , qˆn, pˆ1, . . . , pˆn)
and the commutation relations between the quadrature operators can then be written
in the form
[xˆi, xˆj ] = iΩij , (32)
where Ω is the symplectic form (6). That is, they form a set of canonically conjugate
observables. If the Hamiltonian and Lindblad operators are expressed in terms of
the xˆj , then the semiclassical Gaussian dynamics derived in the previous section are
applicable. The transformation from quadrature operators qˆ, pˆ to mode operators aˆ, aˆ†
is achieved via the transformation matrix
T =
1√
2
(
In iIn
In −iIn
)
. (33)
Applying the transformations Xc = TX and Gc = TGT
† yields
X˙c = −iΩ∇H + 1
2
Ω
∑
k
(
L¯k∇Lk − Lk∇L¯k
)
, (34)
G˙c = GcΩ(K − Γ)− (K¯ + Γ¯)ΩGc +GcΩΞΩGc, (35)
where Xc = (a, a¯) and ∇ := (∂a, ∂a¯). We have also defined K, Γ and Ξ as
K = iH ′′ +
1
2
∑
k
LkL¯
′′
k − L¯kL′′k , (36)
Γ =
1
2
∑
k
(∇Lk∇L¯Tk −∇L¯k∇LTk ) , (37)
Ξ =
∑
k
(∇Lk∇L¯Tk +∇L¯k∇LTk )( 0 InIn 0
)
, (38)
where primes indicate Hessian matrices. Care must be taken when using these
expressions. For instance, the term L¯′′k in (36) is the Hessian matrix of L¯k with
respect to (a, a¯) and not the complex conjugate of the Hessian L′′k . The same applies
to the gradients in (37) and (38).
In the complex coordinates (a, a¯) the covariance matrix Σ = G−1c takes the block
form
Σ =
(
α¯ β¯
β α
)
, (39)
where
αij = 〈aˆ†i aˆj + aˆj aˆ†i 〉 − 2〈aˆ†i 〉〈aˆj〉, (40)
βij = 〈aˆ†i aˆ†j + aˆ†j aˆ†i 〉 − 2〈aˆ†i 〉〈aˆ†j〉. (41)
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3.4. Examples and applications
Figure 2: A phase-space portrait for the classical dynamics (44) with ω = 1, γ1 = 0.1,
γ2 = 0.01 and A = 0.15. There is a stable limit cycle at |a|2 = 2.5, indicated by the blue
circle, and the origin is an unstable fixed point.
As a first example let us consider a harmonic oscillator with nonlinear damping
and amplification. The Hamiltonian is given by
Hˆ = ωaˆ†aˆ (42)
and the three Lindblad operators
Lˆ1 =
√
γ1aˆ, Lˆ2 =
√
γ2aˆ
2 and Lˆ3 =
√
Aaˆ† (43)
describe the damping and gain, where γ1, γ2 and A are the linear damping rate,
nonlinear damping rate and amplification rate respectively. This model appears in
the context of quantum optomechanics and is discussed in [23]. For instance, it could
describe a driven nanomechanical oscillator coupled to a thermal bath, where the
damping rate depends on the excitation of the resonator. Applying (34) immediately
yields the semiclassical equation
a˙ = −iwa+ 1
2
(A− γ1)a− γ2|a|2a. (44)
As discussed in [23] the origin |a| = 0 is a stable fixed point provided A− γ1 < 0.
However, when the value of A exceeds γ1 the system exhibits a Hopf bifurcation and
the origin becomes unstable. In this case a stable limit cycle occurs and the long-term
solution tends towards the curve |a|2 = (A− γ1)/2γ2. A phase-space portrait for the
case A > γ1 is illustrated in Figure 2 and the semiclassical and quantum dynamics are
compared in Figure 3. Due to the weak nonlinear damping a good correspondence is
observed for short to medium times. Over longer times the centre of the semiclassical
Gaussian becomes trapped on the limit cycle and the width grows. On the other hand,
in accordance with the semiclassical flow (Figure 2), the quantum Wigner function
begins to smear out over the limit cycle into a ’donut’ shape.
In Figure 4 we additionally examine the time evolution of the covariance element
α, where α is defined in (40). As expected, in the short time limit there is a good
agreement with the quantum dynamics. Over a longer time the Gaussian continues
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Figure 3: Comparison of the quantum (top row) and semiclassical (bottom row) dynamics of
an initial Glauber coherent state with
√
2 Re a = 4 and
√
2 Im a = 4. The harmonic oscillator
frequency ω = 1, while the linear damping rate, nonlinear damping rate and amplification
rate are γ1 = 0.1, γ2 = 0.01 and A = 0.15 respectively. Times t = 13, 50, 150 are shown left
to right.
to spread out, resulting in a growing value of α. This is in contrast to the quantum
value of α, which eventually plateaus. This feature appears to stem from the quantum
Wigner function smearing out over the limit cycle. In order to describe the spread of
the Wigner function over a limit cycle in a semiclassical framework we would have to
adapt the methods and results from [24] to open systems.
Figure 4: The long-time evolution of the covariance element α = 〈aˆ†aˆ + aˆaˆ†〉 − 2〈aˆ†〉〈aˆ〉 is
plotted on the left. A close up of the dynamics at early times is shown on the right. The
quantum dynamics (black) are compared to the semiclassical results (blue dashed), with the
same initial conditions and parameters as Figure 3.
As a second application, let us consider the description of cold atoms in optical
lattices with particle losses [25,26]. In a full many-particle treatment for low energies
the M -mode Bose-Hubbard Hamiltonian describes the unitary dynamics of ultracold
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atoms in an M -well optical trap
Hˆ = −J
M−1∑
j=1
(aˆ†j aˆj+1 + aˆ
†
j+1aˆj) +
U
2
M∑
j=1
aˆ†j aˆ
†
j aˆj aˆj . (45)
The aˆj (aˆ
†
j) create (annihilate) particles in the ground state of the i
th trap, J is the
positive coupling constant and U describes pairwise on-site interactions. Here we
consider repulsive interactions with U > 0. The two-body interaction is valid for cold
dilute gases in which s-wave scattering dominates and higher order interactions can
be ignored.
The ground state of a Bose-Einstein condensate (BEC) in an optical lattice
potential can be approximated as a product state of Glauber coherent states
|ψ〉 =
⊗
i
|αi〉, (46)
which we take as our initial state. The on-site Glauber coherent state |αi〉 is defined
as an eigenstate of the annihilation operator aˆi, where the complex eigenvalue αi
describes the amplitude and phase of the coherent matter wave-field. This corresponds
to a Poissonian atom number distribution on each site with average n¯i = |αi|2. Thus,
the atom number at each site is uncertain.
The celebrated mean-field description of BECs in optical lattices can be derived
using a Gaussian approximation. In fact, this goes beyond the mean-field description
as it also provides an approximation for correlation functions. While the mean-
field dynamics for cold atoms in optical lattices for specific Lindblad operators
have previously been derived in the literature by neglecting quantum fluctuations
in the equations of motion for particular observables, the Gaussian approximation
introduced here yields a canonical form of the mean-field dynamics for arbitrary
Lindblad operators. We shall now provide these equations of motion for the general
case, before briefly discussing the resulting dynamics for an example system.
The Weyl symbol of the Bose-Hubbard Hamiltonian (45) is given by
H = −J
M−1∑
j=1
(a¯jaj+1 + a¯j+1aj) +
U
2
M∑
j=1
(
|aj |4 − 2|aj |2 + 1
2
)
. (47)
Inserting the Hamiltonian above into (34) yields the Gross-Pitaevskii equation
describing the Hamiltonian dynamics together with additional terms describing the
effects of the Lindblad operators
a˙j = iJ(aj+1 + aj−1)− iU(|aj |2 − 1)aj + 1
2
∑
k
(
L¯k
∂Lk
∂a¯j
− Lk ∂L¯k
∂a¯j
)
. (48)
Thus, the usual mean-field result is recovered, together with the effect of any Lindblad
operator that is a function of aˆ and aˆ†. Furthermore, the equation of motion for Gc
provides short-time approximations for quantities depending on the covariance matrix
elements. For instance, the phase-coherence of the state is characterised by the first-
order correlation function
g
(1)
ij =
|〈aˆ†i aˆj〉|√
〈aˆ†i aˆi〉〈aˆ†j aˆj〉
. (49)
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Let us consider a two-mode system with losses due to two-body inelastic scattering,
which can be modelled by applying the nonlinear Lindblad operators Lˆj =
√
γaˆ2j to
each lattice site [25,26]. In this case (48) leads to the equations of motion
a˙1 = iJa2 − iU
(|a1|2 − 1) a1 − γ|a1|2a1, (50)
a˙2 = iJa1 − iU
(|a2|2 − 1) a2 − γ|a2|2a2. (51)
The solution of these equations provides a good first order approximation to the
total population N(t) = |a1(t)|2 + |a2(t)|2 and the population imbalance 2Sz(t) =
|a1(t)|2 − |a2(t)|2, as illustrated in Figure 5 for an example with relatively small loss
rate.
Figure 5: The left hand frame compares the quantum (solid lines) and semiclassical (dashed
lines) dynamics of the total particle number (black), as well as the populations of site 1 (blue)
and site 2 (green). The quantum (solid line) and semiclassical (dashed line) population
imbalance is plotted in the right frame. In both cases J = 1, the initial particle number
N0 = 20, UN0 = 1, γ = 0.05 and the particles are initially distributed evenly across both
sites, with phases φ1 = pi/2 and φ2 = 0. The quantum results were obtained using the
quantum jump method.
In the right panel of Figure 6 we compare the quantum and semiclassical dynamics
of the phase-coherence for the same system as in Figure 5. In the left panel we
show the same comparison for the closed system for reference. As expected, a loss
of phase-coherence is observed over time, indicating destruction of the condensate.
The inclusion of losses leads to a better correspondence between the semiclassical and
quantum dynamics for short times. This can be understood to some extent by the
fact that since the Lindblad operators are holomorphic functions of aˆj the dissipative
parts of (50) and (51) may be written as a gradient flow. In the semiclassical limit
the effect of the Lindblad operators is thus to localise the Wigner function.
4. Lindblad Dynamics as Schro¨dinger Dynamics with a Non-Hermitian
Hamiltonian
In this section we approach the Lindblad dynamics from a different perspective,
specifically, by interpreting the Lindblad equation as a Schro¨dinger equation with
a non-Hermitian Hamiltonian. The notion of a phase-space Schro¨dinger equation
and phase-space wave functions is not new. Notably, for closed systems, Koda
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Figure 6: The quantum (black) and semiclassical (blue dashed) dynamics of the phase-
coherence g
(1)
12 between the two traps, for a closed (left) and open system with γ = 0.05
(right). In both cases J = 1, the initial particle number N0 = 20, UN0 = 1 and the particles
are initially distributed evenly between the two traps, with phases φ1 = pi/2 and φ2 = 0
respectively. The quantum results were obtained using the quantum jump method.
recently formulated several initial value semiclassical propagators for the Wigner
function starting from an interpretation of the Moyal equation as a Schro¨dinger
equation [27]. In the case of Lindblad dynamics, the new ingredient is the non-
Hermiticity of the resulting Hamiltonian operator. Quantum dynamics generated
by non-Hermitian Hamiltonians has in recent years attracted considerable attention
in its own right (see, e.g., [28, 29], and references therein). In [16, 17] two of the
authors have developed the semiclassical limit of Gaussian wave packet propagation
for non-Hermitian Hamiltonians. Reinterpreting the Wigner-evolution for Lindblad
systems as a non-Hermitian Schro¨dinger equation, we can directly apply these results
to obtain dynamical equations that can describe the semiclassical propagation of
complex Gaussian Wigner functions, as they appear for example in the superpositions
of Gaussian wave packets.
Let us for example consider an initial state φ(q) =
∑
j cjφ
A
j (q) that is a
superposition of Gaussian wave packets
φAj (q) =
(det ImA)1/4
(pi~)n/4
e
i
~ [
1
2 (q−qj)·A(q−qj)+pj ·(q−qj)], (52)
where q, qj , pj ∈ Rn and A is an n×n complex symmetric matrix with ImA > 0. The
Wigner function of this state is
W (x) =
∑
i,j
c∗i cjψij(x), (53)
where x = (q, p) and
ψij(x) =
1
(pi~)n
e
i
~ [(x−Xij)·iG(x−Xij)+Yij ·(x−Xij)+αij ] (54)
is a complex Gaussian centred at Xij =
1
2 (qi + qj , pi + pj) with ’momentum’ Yij =
(pj − pi, qi − qj) and a complex phase αij = 12 (pi + pj) · (qi − qj). The matrix G is
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related to the width A of the Gaussians in the superposition by
G =
(
ImA+ ReA[ImA]−1 ReA −ReA[ImA]−1
−[ImA]−1 ReA [ImA]−1
)
. (55)
As the phase-space Lindblad equation (4) is linear in the Wigner function W , the time
evolution of (53) can be obtained by evolving each complex Gaussian ψij individually
and summing the results.
With this picture in mind our starting point is once again the Lindblad equation
on phase space
i~
∂ψ
∂t
= H ? ψ − ψ ? H + i
∑
k
Lk ? ψ ? L¯k − 1
2
L¯k ? Lk ? ψ − 1
2
ψ ? L¯k ? Lk. (56)
However, we have now switched notation from W to ψ to indicate that we could
be dealing with a complex component of the Wigner function, such as the ψij in
the discussion above. As this equation is linear in ψ we can in fact view (56) as a
Schro¨dinger equation with a non-Hermitian Hamiltonian in a larger Hilbert space.
To this end we will use the fact that the star product can be written as the action
of an operator on phase-space functions, see e.g. [27]. More precisely, we have
A ? ψ = Aˆ(−)ψ and ψ ? A = Aˆ(+)ψ, (57)
where the operators
Aˆ(±) = A(xˆ± 1
2
Ωyˆ) (58)
act on the phase-space function ψ(x). Furthermore,
xˆ = (q, p), (59)
yˆ = (−i~∇q,−i~∇p) , (60)
are a pair of Hermitian operators that satisfy the canonical commutation relations
[xˆi, yˆj ] = i~δij (61)
and can thus be treated like position and momentum operators in a space of doubled
dimension. Making use of (57), the phase-space Lindblad equation (56) can be written
as a Schro¨dinger equation
i~
∂W (x, t)
∂t
= Kˆ(xˆ, yˆ)W (x, t), (62)
with non-Hermitian Hamiltonian
Kˆ(xˆ, yˆ) = Hˆ(−) − Hˆ(+) + i
∑
k
Lˆ
(−)
k
ˆ¯L
(+)
k −
1
2
̂(L¯k ? Lk)
(−)
− 1
2
̂(L¯k ? Lk)
(+)
. (63)
Note that this is a phase-space analogue of a matrix-vector representation of the
Lindblad equation (see e.g. in [30,31]).
Finally, through the Wigner-Weyl transformation the non-Hermitian Hamiltonian
Kˆ can be mapped onto the double phase-space function
K(x, y) = H
(
x− 1
2
Ωy
)−H(x+ 1
2
Ωy
)
+ i
∑
k
Lk
(
x− 1
2
Ωy
)
?2 L¯k
(
x+
1
2
Ωy
)
− 1
2
(L¯k ? Lk)
(
x− 1
2
Ωy
)− 1
2
(L¯k ? Lk)
(
x+
1
2
Ωy
)
, (64)
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where ?2 denotes the Moyal product on the double phase-space. If we assume
that the Hamiltonian and Lindblad operators are quantisations of ~-independent
functions H and Lk, then using (5) we find that K has a semiclassical expansion
K = K(0) + ~K(1) + . . . , where the first two terms are given by
K(0) = H(+) −H(−) +
∑
k
Im
(
L¯
(−)
k L
(+)
k
)− i
2
∑
k
∣∣L(+)k − L(−)k ∣∣2 , (65)
K(1) =
1
2
∑
k
{L¯k, Lk}(+) + {L¯k, Lk}(−) . (66)
In the expression for K(0) we have separated real and imaginary parts, whereas K(1)
is imaginary.‡
We are now in the position to study the time evolution of initial wave packets of
the form
ψ(x) =
(det ImB)1/4
(pi~)n/2
e
i
~ [(x−X)·B(x−X)/2+Y ·(x−X)+α], (67)
where X,Y ∈ R2n, α ∈ C is a phase factor and B is a complex symmetric matrix with
ImB > 0. As shown above, such states appear as components of the Wigner function
of superpositions of Gaussian states (53).
Direct application of the semiclassical equations derived in [16, 17] yields the
following equations of motion
Z˙ = Ω2∇ReK(0) + G−1∇ ImK(0), (68)
B˙ = −BK(0)yy B −BK(0)yx −K(0)xy B −K(0)xx , (69)
α˙ =
i~
4
Tr(B˙B−1) + Y · X˙ −K(0)(X,Y )− ~K(1)(X,Y )
+
i~
2
Tr(K(0)xy +K
(0)
yy B), (70)
where Z = (X,Y ), ∇ := (∂x, ∂y) is the double phase-space gradient, and Ω2 is the
double phase-space symplectic form. We have also defined
Kxy = (∂xi∂yjK), (71)
which satisfies Kyx = (Kxy)
T
, and G is related to B via
G =
(
ImB + ReB[ImB]−1 ReB −ReB[ImB]−1
−[ImB]−1 ReB [ImB]−1
)
. (72)
In order to obtain some insight into the properties of these equations of motion
we use the specific form of the real and imaginary parts of K in (65). We see
that the imaginary part is an even function of y, ImK(0)(x,−y) = ImK(0)(x, y),
with ImK(0)(x, 0) = 0, and non-positive. The real part is an odd function of y,
ReK(0)(x,−y) = −Re(0)K(x, y). Using these properties and direct computations we
‡ We can allow more general functions which have asymptotic expansions in powers of ~, e.g.,
H ∼ H(0) + ~H(0)1 + · · · and similarily for Lk. Then K(0) is determined by H(0) and L(0)k only and
K(1) contains further terms depending on H(1) and L
(1)
k , L
(0)
k .
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find that
∇ReK(0)(x, 0) =
(
0,Ω∇xH(x) + Ω
∑
k
Im
(
Lk(x)∇L¯k(x)
))
, (73)
∇ ImK(0)(x, 0) = (0, 0). (74)
By inserting this result into (68) we observe that if the initial value of Y is 0 then Y
stays 0 for all times, and X satisfies the same equation of motion we found in (18). If
we insert B = 2iG into (69), and separate the real and imaginary parts of the Hessian
matrix of K(0) at y = 0 in the same way, we find similarly that G satisfies (19). Hence
our two different approaches are consistent.
The next natural question to ask is what happens when Y 6= 0. In this case we
have a highly oscillatory initial Wigner function, which corresponds to a very non-
classical state. As the imaginary part ImK(0)(x, y) in (65) has a maximum at y = 0,
we see that the gradient part in (68) wants to push Y to 0, and hence reduce the
frequency of the oscillations. In addition, (70) generates an exponentially damping
factor if ImK(0)(x, y) < 0, and both these effects are directly induced by the Lindblad
operators. Thus, the general structure of the equations of motion (68) and (70),
together with (65), allow us to conclude that oscillatory initial conditions will be
smoothed and suppressed exponentially fast if they couple to the Lindblad terms via
(65). This is a manifestation of decoherence [32], which is illustrated in an example
at the end of this section.
Before providing an example we compare our results to the work of Brodier and
Ozorio de Almeida [15], who have also studied the Lindblad evolution of Gaussian
states but for the special case of linear Lindblad operators of the form Lˆk = lk ·xˆ, where
l ∈ C2n. We shall see that additional terms appear if one goes beyond the linear case.
Brodier and Ozorio de Almeida consider the chord function χρˆ(t, y) := Tr[ρˆe
− i~y·xˆ]
instead of the Wigner function. As the chord function is the Fourier transform of the
Wigner function, the chord function of (67) is given by
χ(y) = Ne
i
~ [
1
2 (y−Y )·(N+iM)(y−Y )+X·y]. (75)
Here N,M are real symmetric with −B−1 = N+ iM and the normalisation N can be
determined from χ(0) = Tr ρˆ. Note that the additional phase factors in the Gaussian
have been included in N for convenience. We now want to show that the equations of
motions for X,Y ,N and M match those in [15]. To this end we use that
G−1 =
(
M+ NM−1N −NM−1
−M−1N M−1
)
, (76)
which one may find by direct computation, or more easily by applying Proposition
3.2 in [17] with S = Ω−1. For linear Lindblad operators ImK(x, y) = − 12y · Dy, with
D =
∑
k Re(l¯kl
T
k ), and the equation of motion for Z (68) may be rewritten as
X˙ = ∇y ReK + NM−1DY Y˙ = −∇x ReK −M−1DY. (77)
The equations of motion for M and N are obtained by using N+ iM = −B−1, which
gives N˙+iM˙ = B−1B˙B−1. After inserting (69), and separating the real and imaginary
parts, we find
M˙ = D+ ReKyxM+MReKxy −MReKxxN− NReKxxM (78)
N˙ = −ReKyy + ReKyxN+ NReKxy +MReKxxM− NReKxxN . (79)
Lindblad dynamics of Gaussian states in the semiclassical limit 17
The equations (77), (78) and (79) coincide with the ones derived in [15]. The main
generalisation in our approach is that it can account for more general Lindblad oper-
ators, which need no longer be linear functions of xˆ. For general Lindblad operators
ImK(0) will depend on both y and x, leading to additional terms in the equations of
motion for X,Y,N and M compared to those in [15]. This can be observed in (19),
where the equation for G = M−1/2 contains terms involving second derivatives of the
Lindblad operators.
We finally show how the doubled phase-space approach allows for a treatment
of interference terms in the Wigner function by obtaining the semiclassical dynamics
of an initial Schro¨dinger cat state in a damped anharmonic oscillator. Working in
dimensionless units with ~ = 1 = m = ω, the Hamiltonian is
Hˆ =
1
2
(qˆ2 + pˆ2) +
β
4
qˆ4, (80)
where β controls the degree of anharmonicity, and the damping is modelled with the
Lindblad operator
Lˆ =
√
γ
2
(qˆ + ipˆ), (81)
where γ determines the damping rate. When β = 0 the semiclassical dynamics are
exact. The corresponding double phase-space symbol K is found from (64) to be
K(0)(x, y) = (Ωx) · y − β
4
(xqy
3
p + 4x
3
qyp)−
γ
2
x · y − iγ
4
y · y, (82)
and
K(1)(x, y) =
iγ
2
. (83)
Figure 7: The quantum (top) and semiclassical (bottom) dynamics of an initial cat state in an
anharmonic potential with β = 0.1 and damping at a rate γ = 0.3. Times t = 0, 0.5, 1.5, 2.5
are shown from left to right.
We consider an initial state that is a cat state, comprised of two Gaussians with
A = 1 and both centred at q = 4 with momenta p = ±3. The Wigner function of
this state (depicted on the left of Figure 7) is composed of two Gaussians centred at
(q = 4, p = ±3) in phase space, and an interference pattern centred at the midpoint
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of the two Gaussians with a Gaussian envelope. The semiclassical dynamics are
obtained by evolving each complex Gaussian component of the initial Wigner function,
summing up the results, and applying the Wigner function normalisation condition∫
dxW (x) = 1. The resulting semiclassical dynamics are compared with the quantum
dynamics in Figure 7. The Gaussian approximation clearly reproduces the essential
features of the oscillation, damping and decoherence.
In Figure 8 we further depict a comparison between the semiclassical position
and momentum expectation values and the quantum results for a longer timescale.
We find that there is good agreement at short times, while at longer times the results
deviate as expected, while still capturing the qualitative features of the dynamics.
Figure 8: Time evolution of the position (left) and momentum (right) expectation values of
the cat state above. The quantum dynamics (black) are compared to the semiclassical results
(blue dashed). Anharmonic parameter β = 0.1 and damping rate γ = 0.3.
5. Summary
We have investigated the dynamics of Gaussian states in open quantum systems
described by Lindblad equations in the semiclassical limit. This yields a new
type of semiclassical phase-space dynamics incorporating the effects of damping and
decoherence in the dynamics of the phase-space coordinates as well as a semiclassical
approximation for the quantum covariances. This dynamics has an interesting
geometric structure, which we have explored in a number of example systems. We
have also transformed the dynamics to complex phase-space variables, as they appear
naturally in many models in quantum optics.
What makes the dynamics of Gaussian wave packets particularly appealing for
closed quantum systems is the fact that an arbitrary initial wave function can be
expanded into Gaussian states, each of which can be propagated independently. This
expansion can also be repeated at intermediate time-steps, allowing for numerical
quantum dynamics that can in principle be arbitrarily accurate [7, 8]. Due to
the fact that Lindblad dynamics generates mixed states, this approach cannot be
directly generalised to the case of open systems considered here. However, we have
demonstrated how the interpretation of the Wigner dynamics in phase space as a
Schro¨dinger dynamics with non-Hermitian Hamiltonian can be used to circumvent
this issue. We have demonstrated that this allows for the semiclassical propagation of
interference terms by considering a cat state in a damped anharmonic oscillator.
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